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then x/(N- x) can be expressed as a continued fraction of 
the form 


jig” ee! A E i ai 
a,-1 +a tet api +a taa Heta ta’? 
and N is equal to the continuant 


(4,) yy reeg Oaa Fay Ta- "eeg Bry a); 


of which (ay a,, --., @,_,) i8 a factor. 
In Mersenne’s problem, NV = 100895598169. If we take 
y= 32 and x= 1796847, then z’ = Ny + 1, and we find 


ce IeSI as a A as d 
N-a 100893801322 56150+24+7+424 56151? 
and N= (56151, 2, 7, 2, 56151). 


Hence a factor of N is the continuant (56151, 2), which is 
equal to 


56151, 1 
-1,2 | 
that is, 112303. Hence a factor of N is known. 

The question proposed to Fermat and his answer seem to 
have escaped the attention of many writers on the theory of 
numbers; but, as far as 1 know, no solution of the problem has 
been hitherto published, and therefore it is particularly inter- 


esting to find that it is covered by the theorem given by 
Mr. Birch. 


September 22, 1892. 


NOTE ON PSEUDO-ELLIPTIC INTEGRALS. 
By W. Burnside. 


Any integral which while apparently elliptic may really 
be reducible to a logarithm is expressible as the sum of 
a number of terms of the form 

f (z-a)dxr 
J@-9 VA @I? 
where f, (x) is a rational integral quartic function. For the 
case in which the integral consists of a single term I propose 
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to determine explicitly, from the elliptic-function point of view, 
its most general form. i 

If g,, g, are the two invariants of the quartic f, (x) the 
above integral can always by a linear substitution be trans- 
formed into 

Í (z—a)dz 

, (#=8) ¥(4e"-gz—-9,)’ 
or if 
Pw) - P(w) 
P(u)— P(e) ihi 

Introducing the ¢ and o functions, the indefinite integral 
may be expressed in the form 


SP aee 
TE Omi. O Ca [2u fe (0) + log 2 21 4 


If now 2w,2w’ is any pair of primitive periods of the 
elliptic-function P (u), and 2, 2m’ the corresponding quasi- 
periods ot €(u); the two elliptic-periods of the integral, or 
the two constants by which the integral increases when the 
original variable describes two independent period-paths, are 
obtained by writing 2w and 2% for u in the above indefinite 
integral. 

The periods so obtained are 

P(w)-Pw 
2w + OH [4 €(v) — 4nv], 


P(v) — Pw 
en glv) — 4v]. 


Besides these two periods the integral has a third by 
which it increases when the original variable describes a 
closed path surrounding either of the points at which the 
integral is infinite. 

If u=v+v,the integral expanded in ascending powers 
of v’ becomes 

P(v)-— P(w) fw : 

= Lien ae + finite terms, 
and hence the value of the integral round a closed path 
surrounding v =0, t.e. the logarithmic period, is 


ae P(v)— P(w) i 
P (v) 
If now the integral be pseudo-elliptic it must have one 


z= P (u), into 


and 2w 4 


2 
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period only, and the two elliptic-periods must be multiples or 
sub-multiples of the logarithmic period. 

Hence m, m and n being suitably chosen positive or 
negative integers without a common factor, the following two 
equations are thus obtained, viz. 


P’ (v) - 7 s a 
° Lae Pa THO A 


of P' (w) TTA n a 
[noema eea Tt 


Multiplying the first of these by ’ and the second by œ, 
and subtracting 


me + mo 
n ? 


and multiplying by 7’, 7, and sohitacting 
P (v) __ 4 | mnt mn 
Pa he 


The constant » may therefore be any sub-multiple of a 
period (a result which is well-known), and when it has so 
been chosen P(w) is determined by the last written equation. 
Jt remains to shew that regarding P (v) as known, the determi- 
nation of P(w) so obtained is algebraical and rational. 

For this purpose it is convenient to introduce the function 
that M. Halphen denotes by y, (u). 

When n is odd 4%, (u) is a rational integral function of 
P(u) with coefficients "rational and integral i in g, and g,: and 
when v is even it is the product of P’ (u) by such a function. 

The function y, (uv) is connected with the o-function by 
the equation 


_g (nu) 


{a (u)}” 


and therefore i ak logarithmically 


=f, (u), 


F = (nu) — TOR ae f 


If now v has been chosen so cece mand mare not both 
even, 


E (nv) = § (mo + mo”) = mq + m, 
z9 , A 
mn + my tv) = 1 wf’, (v) 


n TAT, y, (v) 


and 
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and therefore, Y, (v) or Y’, (v) containing P’ (v) as a factor, 
zt Br D in this case at once determined rationally in terms 
of P (v). 

If on the other hand m and m’ are both even, n being 
therefore odd and v an odd sub-multiple of a complete period, 
€(nv) is infinite and P (w) must be otherwise found. 

In this case, since 


(n—1)v=mw + mw —v (m,m both even); 
therefore E{(n—-1.v)} + (v) = mn + m7’; 


wt {(n—1.0)} - (n—-1) f@)=— Ve 


a= 1 Parai (v) : 
=P 1 ’ 
pet therefore m “Ola n(n- 1) a a ‘ 


The results obtained may be summarised thus, 
In order that the integral 


least + A) du, 


where A is a constant, may be pseudo-elliptic v must be a 
sub-multiple of a period. 
If v is an even sub-multiple, so that 


2mv = 20, 
2 _ V.) 
mè P (v) pa 0)? 


and if v is an odd submultiple, so that 


then 


(2m +1) v=26, 


an E 
~ m(2m +1) P (v) pan (v) 


If v is a half-period, P’ (v) is zero, and therefore the 
revious reasoning does not apply. But in this case tho 
integral is one of the second species, and not of tho third; 
and its being pseudo-elliptic is therefore out of the question. 
Writing now generally 


ihen 


26 
v=—, 
n 


where n may be odd or even, and denoting by 2% the quasi- 
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period of ¢ corresponding to 2, the previously given value 

of the integral 

P(v) — P(w) o(u—v) 
Pu) 2u ¢ (v) + log | 


ut 
o (u +v) 


P(v)- P(w) [4 a (u28) 
becomes AW oS [+ og x if 
BTE es 
n 
and therefore 
u 7 26\ 


~ 1“ o(u-— 
ese aa +4] dun og, 
Pu) PC) PUT) Crafu) 
The x power of the quantity under the logarithm is 
unaltered when u is increased by a complete period, and is 
therefore a rational function of P (u) and P’ (u); its numerator 
may be shewn to be equal to (Halphen, I., p. 223) 


1, P(u) , P (u), P” (u), ony POM (u) 


D LAE a D a 2» o. PEI | 
Rtg) a a a » a |? 
O, BOP O PE TE 


while the denominator only differs from the numerator in tho 
signs of the odd differential coefficients of P (u). 

With increasing values of n these expressions rapidly 
become very complicated, but the algebraical form of the 
relation in the case when n= 3 is sufficiently simple to be 
worth giving explicitly. 

Thus, if i v= $ð, 
then P (v) =a is given by 

a — ga- 9,4 — deg," = 0, 
which can also be written in the form 
12P (v) P= (v) =P" (o). 
P” (v) _ 4P (v) 


ae, 71 i 


Hence Amb OAO Po) ~ PQ)’ 
_ 9 
ail i ‘P(e P(u) + ha oe 


Pere)“ "2 @. Poa 
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Therefore 
P(u)+4a— 2 P” (v) ef" o (u— 36) 
B AORA CE D) 
P) E aig) 
=e Oe, P” (v) Pw) + P” (v)- Pv) P” 0) -P (u) P(o) 


 P'lw) PP (o)Plu)+ P) P) P" (ve) + Pw) P o 
If now P(u)=2, P' (u) =- (4-92 - 9) 


the algebraical form of the equation is 
(z +ła-— ds ) da 


J(@~ a) V(4è — 9,2 — 95) 
= Nv (4a = 9% — 9s) 
6a’ — 9s 
(6a"— 39,)2—-2a°— 29% Ja V(Aa?—9,0-9;) v(42°-9,2-95) 
(6a'—39,)2—20° -39,0-g,+ v(4a'—9,4-9,) y (42-92 H) 
The next case of n = 4, which when written with complete 
generality takes a far from simple form in Weierstrass’s. 


notation, is the simplest of all if the general elliptic differential 
be dealt with, 


x log 


Thus, if S 
gad ead 
be one of the three linear substitutions which transform 
da 


GE ea 

into itself, then 
kepa gra ee 
lrc y(z -a.x -p.s — y.x— ò) 


is pseudo-elliptic. 
Suppose that a, 8 and y, 8 are respectively interchanged 
by the substitution in question ; and write 


L—-p 
z—-q- 


-~— 
= 
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eet OPO ,_, = 9) (p=9) 
Then z e YAA zy wea 
, _(@-8)(p-9) .,. _(2-8)(p-9), 


“a= (@—q) (8-9) | 1 (@- 90-9)? 


and therefore 
Ta p—-q zdz 
v(a- g.B—q. 4-4-8- q) INŽ 22" =z) ú 
which is pseudo-elliptic. 


This case clearly corresponds to the two obviously pseudos 
elliptic integrals 


l : raz bee Í dr 

(1 = 27.1 — '2*) æy (1— z". l-k")? 

which immediately offer themselves when Jacobi’s normal 
form is used, The other four forms in this case are 


(Re l+aVk dz 
L+aVvk ae al N (1—32. 1 — k*z*) 


l—aVv(-k) 1l1+zẸ4(- k) dx 
goo fli Pew a | Vad—#.1- ba)" 


ON THE DIVISION OF THE PERIODS OF 
ELLIPTIC FUNCTIONS BY 9. 


By W. Burnside, M.A. 


The equation which determines P(3u) in terms of P(u) is 
(8P*— 39,P*= 39,P - 59,")’ P (3u) 
= P’ + 39,P" + 249,P° +159; P" — 9,9,P* + (89. — Pods) P 


+ (abegi — $929.) P+ B30 ga- Ja erretore (i), 
where for brevity P is written for P(u). 
If P Guy 28), 


the nine roots of this equation are 
P(u,) ? Put 4) ? P(u,+ $o) $ 
P(u, + 3o), P(u,t 3o't fo), P(u, + 50+ $0), 
P(ut+4o'), Put 4o'+ fo), Put 4o't $e), 
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